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It is well known that in a two-slit interference experiment, acquiring which-path information about
the particle, leads to a degrading of the interference. It is argued that path-information has a meaning
only when one can umabiguously tell which slit the particle went through. Using this idea, two
duality relations are derived for the general case where the two paths may not be equally probable,
and the two slits may be of unequal widths. These duality relations, which are inequalities in general,
saturate for all pure states. Earlier known results are recovered in suitable limit.
I. INTRODUCTION
Wave-particle duality is an intriguing aspect of na-
ture, which was first conceptualized by Neils Bohr in his
principle of complementarity [1]. It has been in debate
right from the beginning when Einstein’s raised objec-
tions against it, proposing his famous recoiling slit ex-
periment [2], and continues to be so even today [3]. The
two-slit interference experiment has become a corner-
stone for investigating such issues.
Bohr had emphasized that the wave and particle na-
tures are mutually exclusive, revealing one, completely
hides the other. Wooters and Zurek began by asking
what happens if one probes the wave and particles na-
tures at the same time, in a two-slit experiment [4]. They
found that it is indeed possible to partially reveal both
the natures. This idea was later put on firm mathemat-
ical ground by Englert, in the form of a duality relation
which puts a bound on how much of each nature can be
revealed simultaneously: [5]
D2 +V2 ≤ 1, (1)
where D is path distinguishability, a measure of the
particle nature, and V the visibility of interference, a
measure of wave nature. Wave and particle natures are
so fundamental to quantum objects that many prefer to
call them quantons [6, 7]. A different kind of duality
relations are also studied where one tries to predict the
path informationof thequantonbasedon the asymmetry
of the two beams, without using any path detector [8, 9].
Contemporary thinking is that, in a two-slit interfer-
ence experiment, if one is able to tellwhichof the two slits
the quanton went through, one has revealed the particle
nature of the quanton. On ther other hand, if one obtains
an interference patters, one has revealed the wave aspect
of the quanton. The duality relation derived by Englert
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was for a symmetric two-slit experiment, in which the
quanton is equally likely to go through both the slits.
However, there can be situations where the setup is not
symmetric, i.e., the state of the incident quanton is such
that the probabilities to go through the two slits are not
equal. Another possibility is that the two slits may not
be of equal widths. This asymmetric case has not been
probed in as much detail as the symmetic case [5]. There
have been other studies on asymmetric two-path inter-
ference [10, 11], but none provides a tight duality relation
for this case. The aim of this paper is obtain a general
duality relationwhich also holds for asymmetric two-slit
interference experiments.
II. DEALINGWITH ASYMMETRY
We assume that the state of the quanton that emerges
from the double-slit is given by the unnormalized state
|ψ〉  √p1 |ψ1〉 + √p2 |ψ2〉, (2)
where p1 , p2 quantify the asymmetry of the incoming
wave. In addition, we would like to take into account
the effect of asymmetric slits, namely the situationwhere
the two slits may have different widths. As different slit
widthswill also contribute to the probabilities of passing
through the two slits, one should assume that the states
|ψ1〉, |ψ2〉, corresponding to the quanton coming out of
slit 1 and 2, respectively, are not normalized. One can see
that for the case p1  p2  1/2, the probability of the
quanton to pass through slit 1 and 2 is proportional to
〈ψ1 |ψ1〉 and 〈ψ2 |ψ2〉, respectively.
Given that the incoming quanton state is symmetric,
the quanton is more likely to pass through the wider slit.
The details of the effect of asymmetry due to the slits
will be specfied while choosing the form of |ψ1〉, |ψ2〉.
Needless to say, the state |ψ〉 as a whole should be nor-
malized.
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2III. GETTINGWHICH-WAY INFORMATION
An experiment to find out which of the two paths a
quanton has followed, would require some kind of de-
tectorwhich can retrieve and store information onwhich
path a particular quanton took. We assume a fully quan-
tum detector with states corresponding to the quanton
taking one path or the other. Without going into the de-
tails of what this path detector should be like, we just use
von Neumann’s criterion for a quantum measurement
[12]. According to von Neumann’s criterion, the basic
requirement for a path detector to perform awhich-path
measurement is that it should interact with the quanton
in such a way that its two states should get correlated
with the two paths of the quanton. If the state of the
quanton that emerges from the asymmetric double-slit
is given by (2), and the path-detector is in an initial state
|d0〉, the interaction between the two should be such that
it evolves to the following:
(√p1 |ψ1〉 + √p2 |ψ2〉)|d0〉 → √p1 |ψ1〉|d1〉 + √p2 |ψ2〉|d2〉
(3)
The quanton goes and registers on the screen, and the
path-detector is left with the experimenter. If the exper-
imenter finds that the state of the path-detector is |d1〉,
she can conclude that the quanton went through slit 1,
else if the state of the path-detector is |d2〉, it would im-
ply that the quanton went through slit 2. The interaction
between the quanton and the path-detector is designed
by the experimenter, and thus the states |d1〉, |d2〉 are
known. What is not known is, which of the two states
one would get, for particular instance of quanton going
through the double-slit.
The problem of finding which path the quanton fol-
lowed then reduces to telling whether the state of the
path-detector is |d1〉 or |d2〉. To solve this problem, En-
glert took the approach of calculating the optimum“like-
lihood for guessing the way (which of the two ways the
quanton went) right". We take a somewhat different
route. We believe that for any given instance of quanton
passing through the double-slit, one can claim to have
which-path knowledge only if one can tell for surewhich
of the two paths the quanton took. What we mean is,
there should be no guessing involved. One should have
an unambigous answer to the question which path the
quanton took. In the path-detection scenaio discussed
above, this would mean one should be able unambigu-
ously tell which of the two states |d1〉 or |d2〉, is the given
state of the path-detector. If |d1〉 and |d2〉 are orthogo-
nal, one can measure an observable of the path-detector
which has |d1〉 and |d2〉 as it’s two eigenstates, with dis-
tinct eigenvalues. Looking at the eigenvalue of the mea-
surement, onewould know for sure that the path-detector
was (say) |d2〉, and hence the quanton went through the
lower slit. However, there are situations in which |d1〉
and |d2〉 are not orthogonal. There exists amethodwhich
allows for unambiguously distinguishing between two
non-orthogonal states, and goes by the name of unam-
biguous quantum state discrimination (UQSD) [13–16].
A downside of this method is that there will be occa-
sions where the method will fail to provide an answer,
but the experimenter will know that it has failed. Thus,
on the occasions on which UQSD succeeds, it can unam-
biguously distinguish between the two non-orthogonal
states. The measurement method can be tuned to min-
imize the failure probability, and thus maximizing the
probability of unambiguously distingishing between the
two states.
IV. UNAMBIGUOUS PATH DISCRIMINATION
The UQSD approach has been successfully used in
defining a new distinguishability of paths, DQ , as the
maximum probability of unambiguously distinguishing
between the available quanton paths. This resulted in
new duality relations for the symmetric two-slit inter-
ference [17], three-slit interference [17], and n-slit inter-
ference [18, 19]. Here we use it to study wave-particle
duality in the case of interference involving asymmetric
paths.
We begin at the instance the quanton emerges from
the double-slit. The state of the quanton has to be a
superposition of two localized parts, in front of slit 1
and 2, respectively. We assume the quanton is traveling
along the positive y-axis, and the double-slit is the in
the x-z plane, at y  0 (see FIG. 1). For the purpose
of interference, the motion along the y-axis is unimpor-
tant. It is the spread of the two emerging wave-packets
along the x-axis and the overlap, which gives rise to in-
terference. We neglect the dynamics along y-axis, and
assume that the quanton is traveling along y-axis with
an average momentum p0, and that motion only serves
to translate the quanton from the slit to the screen with
time. For calculational simplicity, we assume the parts
of the state emerging from the double-slit to be Gaussian
wave-packets, localized in front of the two slits, namely
at positions x  x0 and x  −x0. The state of the quanton
at time t  0, is given by
〈x |ψ(0)〉  A
(√
p1e
− (x−x0)2
2 +
√
p2e
− (x+x0)2
ξ22
)
(4)
where A 
(
2
pi2(p1+ξp2)
)1/4
, d  2x0 is the separation
between the slits and  and ξ are the widths of the two
Gaussians, and may loosely be considered the widths of
the two slits. At the instant of emerging from the double-
slit, the quanton interacts with a path-detector, and the
combined state of the two should have the following
form (as argued earlier):
〈x |ψ(0)〉  A
(√
p1e
− (x−x0)2
2 |d1〉 + √p2e−
(x+x0)2
ξ22 |d2〉
)
, (5)
where |d1〉, |d2〉 are the two states of the path-detector.
The states |d1〉, |d2〉 are chosen to be normalized, al-
though they are not orthogonal in general. It may
3be mentioned that choosing the probability amplitudes√
p1 ,
√
p2 to be real and positive is not a loss of generality
as |d1〉, |d2〉 may contain phases.
Now, the idea is to find out how much path infor-
mation of the quanton can be retrieved from the path
detector, in principle, given the state (5). We would like
to stress the point that a particular method of probing
the path-detector may yield a certain amount of path in-
formation, but we are interested in best possible value
that can be obtained in principle. UQSD works for the
situation where the two states, |d1〉, |d2〉 occur randomly
with different probability. If one is given one of the states
and asked to tell which of the two it is, UQSD allows one
to give the best possible answer. To use this method for
the problem at hand, we should ascertain the probabili-
ties with which |d1〉, |d2〉 occur. Looking at (5) one may
naively jump to the conclusion that the probabilities in
question are p1 and p2. However, the different widths
of the two slits would also contribute to the probabil-
ity of the quanton passing through slit k resulting the
path-detector state |dk〉. The probability amplitude for
this possibility is given by ck 
〈ψk |ψ(0)〉√〈ψk |ψk〉〈ψ(0)|ψ(0)〉 , where
k  1, 2. Using the Gaussian form given in (5), these
probability amplitudes turn out to be
c1 
√
p1√
p1 + ξp2
c2 
√
ξp2√
p1 + ξp2
. (6)
As far as measurements on the path-detector are con-
cerned, it can be assumed to randomly found in the state
|d1〉 with probability c21, and in the state |d2〉 with prob-
ability c22. In addition, without loss of generality, we
assume that c1 ≥ c2.
In order to use UQSD, we assume that the Hilbert
space of the path-detector is not two dimensional, but
three dimensional, described by an orthonormal basis
of states |q1〉, |q〉 , |q3〉. The reason for doing so will be-
come clear in the following analysis. The basis is chosen
in such a way that the detector states |d1〉, |d2〉 can be
represented as [16]
|d1〉  α |q1〉 + β |q3〉
|d2〉  γ |q2〉 + δ |q3〉, (7)
where α and γ are real, and β, δ satisfy
|β | |δ | ≥ |〈d1 |d2〉|,
|β |2  max{|〈d1 |d2〉|c2/c1 , |〈d1 |d2〉|2} (8)
In the expanded Hilbert space, one can nowmeasure an
operator (say)
A  |q1〉〈q1 | + 2|q2〉〈q2 | + 3|q3〉〈q3 |. (9)
It is straightforward to see that getting eigenvalue 1
means the state was |d1〉, getting eigenvalue 2 means the
state was |d2〉. However, there is also a finite probability
of getting eigenvalue 3, in which case one cannot tell if
the statewas |d1〉 or |d2〉. Onewould like tominimize the
probability of getting the eigenvalue 3, or failure of the
state discrimination. It can be shown that chosen values
of β, δ in (8) are such that they minimize the probability
of failure, and maximize the probability of successfully
distinguishing between |d1〉 and |d2〉 [16]. Wewill return
to these in more detail later.
y
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FIG. 1. A two-slit experiment with a path-detector in front of
the double-slit. Slit separation is d and the distance between
the double-slit and the screen is D.
V. INTERFERENCE AND FRINGE VISIBILITY
We now analyze what happens when the quanton
reaches the screen. We assume that the quanton takes a
time t to travel along y-axis from the double-slit to the
screen, a distance D (see FIG. 1). The time evolution de-
pends on what is the nature of our quanton. It could be
a photon traveling with the speed of light, or it could be
a particle of mass m under free time-evolution. One can
write the time evolution of the state in a universal form
|ψ(t)〉  12pi
∫ ∞
−∞
|k〉〈k |ψ(0)〉e−iωk tdk (10)
where |k〉 are themomentumstates. Forphotonsωk  ck
and for massive particles ωk  ~k
2
2m . The state of the
quanton, after a time t (after traveling a distance D from
the double-slit to the screen), can be worked out to be
[20]
〈x |ψ(t)〉  B
( √
p1
4√
4+Γ2
e−
(x−x0)2
2+iΓ |d1〉 +
√
ξp2
4√
ξ44+Γ2
e−
(x+x0)2
ξ22+iΓ |d2〉
)
,
(11)
where Γ  2~t/m  λD/pi, if one defines λ  h/p0, and
B  4
√
22
pi(p1+ξp2) . It can be shown that if the quanton is a
photon, one gets the same expression with Γ  λD/pi,
where λ is the wavelength of the photon. Let us as-
sume a phase factor associated with the detector states:
〈d1 |d2〉  |〈d1 |d2〉|e iθ. The probability of the quanton to
4arrive at a position x on the screen is then given by
|〈x |ψ(t)|2  B2
(
p1√
4+Γ2
e−
22(x−x0)2
4+Γ2 +
ξp2√
ξ44+Γ2
e−
2ξ22(x+x0)2
ξ44+Γ2
+
√
ξp1p2
4√
4+Γ2
4√
ξ44+Γ2
|〈d1 |d2〉|e−
(x−x0)2
2−iΓ e−
(x+x0)2
ξ22+iΓ
+iθ
+
√
ξp1p2
4√
4+Γ2
4√
ξ44+Γ2
|〈d1 |d2〉|e−
(x−x0)2
2+iΓ e−
(x+x0)2
ξ22−iΓ−iθ
)
.
(12)
In the Fraunhofer limit λD  2, which implies Γ2  4,
the above can be simplified to
|〈x |ψ(t)|2  B2Γ
[
p1e
− 22(x−x0)2
Γ2 + ξp2e
− 22(x+x0)2
Γ2
+ 2
√
p1p2ξ |〈d1 |d2〉|e−
2(x2+x20 )(1+ξ2)
Γ2 e
22xx0(1−ξ2)
Γ2
× cos
(
4pixx0
λD
+ θ
)]
. (13)
Eqn. (13) represents a two-slit interference pattern, with
a fringe width w  λD/d. We assume that tha intensity
at position x is given by I(x) ∝ |〈x |ψ(t)|2. The maxima
and minima of intensity occur at the values of x where
the cosine term is 1 and -1, respectively.
The visibility of the interference pattern is just the the
contrast in intensities of neighbouring fringes [21]
V  Imax − Imin
Imax + Imin
, (14)
where Imax and Imin represent the maximum and mini-
mum intensity in neighbouring fringes. The interference
in (13), ignoring the effect of a finite slit-width , yields
the following ideal fringe visibility:
V  2
√
p1p2ξ
p1 + ξp2
|〈d1 |d2〉|. (15)
If |d1〉  |d2〉, which means that the path-detector is
effectly absent, the fringe visibility reduces to V0 
2
√
p1p2ξ
p1+ξp2 , and is called the a priori fringe visibility. This
means that even if no which-path information is ex-
tracted, the visibility will be less than 1 if either the
incoming state is asymmetric, or the slits are of unequal
widths.
VI. DISTINGUISHABILITY & DUALITY RELATIONS
Coming back to the issue of getting unambiguous path
information about the quanton, notice that (8) implies
two cases: (a) |β |2  |〈d1 |d2〉|c2/c1 ≥ |〈d1 |d2〉|2 and (b)
|β |2  |〈d1 |d2〉|2 > |〈d1 |d2〉|c2/c1. These should be dis-
cussed separately. We define the distinguishability of
two paths,DQ , as the maximum probability with which
the two paths can be unambiguously distinguished. To
get distinguishability, we first use (7) to rewrite (11) as
|ψ(t)〉  c1 |ψ1(t)〉|d1〉 + c2 |ψ2(t)〉|d2〉
 c1α |ψ1(t)〉|q1〉 + c2γ |ψ2(t)〉|q2〉
+(c1β |ψ1(t)〉 + c2δ |ψ2(t)〉)|q3〉 (16)
where |ψ1(t)〉, |ψ2(t)〉 represent the wave-packets ap-
pearing in (11). From (16) one can see that the unambigu-
ous path discrimination fails when one gets the state |q3〉
while measuring the operator A. The probability of fail-
ure is just |〈q3 |ψ(t)〉|2which turns out to be c21 |β |2+c22 |δ |2,
using the orthogonality of |ψ1(t)〉, |ψ2(t)〉. Subtracting
that from 1, gives the optimal probability of unambigu-
ously distinguishing between the two paths. Thus we
can write
DQ  1 − |〈q3 |ψ(t)〉|2 , (17)
which is our general expression for path distinguishabil-
ity. The distinguishability may also be calculated from
the successful discrimination as
DQ  |〈q1 |ψ(t)〉|2 + |〈q2 |ψ(t)〉|2 , (18)
which would just be c21α
2 + c22γ
2.
A. Case: |〈d1 |d2〉|c2/c1 ≥ |〈d1 |d2〉|2
This is the case when the orthogonality of |d1〉, |d2〉 is
on the stronger side, and the asymmetry is not extreme.
In this case the values of α, γ, for optimal success, are
given by [16]
α 
√
1 − |〈d1 |d2〉|c2/c1
γ 
√
1 − |〈d1 |d2〉|c1/c2 (19)
Using (18), the distinguishability has the form
DQ  1 − 2c1c2 |〈d1 |d2〉|. (20)
Using (20) and (15) we arrive at the following relation
V  2
√
p1p2ξ
p1 + ξp2
(1 − DQ)
2c1c2
(21)
Using (6), the above equation reduces to a very simple
duality relation
DQ +V  1. (22)
This duality relation generalizes Englert’s relation (1) to
the case of asymmetric incoming quanton state, and is
an equality, not an inequality for any pure state. The
relation (22) implies that if one is able to unambiguously
distinguish between the two paths with a probability P
by any method, that P cannot exceed DQ , and the fringe
visibility cannot exceed 1 − DQ .
5If the state of the incoming quanton happens to be
symmetric, i.e., p1  p2  1/2, and the two slits are of
samewidth, i.e., ξ  1, we candefine a newdistinguisha-
bilityD as
D2 ≡ DQ(2 − DQ)  1 − |〈d1 |d2〉|2 , (23)
which is precisely Englert’s distinguishability [5]. Using
(15) we can write
D2 +V2  1, (24)
which is just the saturated form of Englert’s duality re-
lation (1). So for the symmetric case, (22) is essentially
the same as (1).
B. Case |〈d1 |d2〉|2 > |〈d1 |d2〉|c2/c1
This is the case when the orthogonality of |d1〉, |d2〉 is
on the lower side, and the asymmetry is large. In this
case the values of the constants are as follows [16]
α 
√
1 − |〈d1 |d2〉|2 , β  |〈d1 |d2〉|
γ  0, |δ |  1. (25)
The expression for distinguishability can be obtained by
using (18):
DQ  c21(1 − |〈d1 |d2〉|2). (26)
Combining (26) and (15), we can write
DQ
c21
+V2 (p1 + ξp2)
2
4p1p2ξ
 1, (27)
which can be rewriten as a new duality relation for this
specific case:
DQ
1
2 (1 + P0)
+
V2
V20
 1, (28)
where V0 is the a priori fringe visibility, and P0 is the a
prioripath-predictability defined asP0  |c1 |2−|c2 |2|c1 |2+|c2 |2 [8]. As
a consistency check, we consider the casewhere |d1〉, |d2〉
are identical, and hence DQ given by (26) is zero. Here
the visibility is reduced to the a priori fringe visibility, as it
shouldwhen there is no path-detection. Another special
case is when p1  1, in which case V becomes zero,
and (28) gives DQ  1. Notice that varying the widths
of the slits affects the a priori fringe visibility and the a
priori path-predictability, but the equality (28) continues
to hold.
One might wonder if it is possible to have a single du-
ality relation for both the cases. To address this question,
we denote the distinguishability in the first case, i.e. (20),
by DQ1 and that in the second case (26), by DQ2. Then,
in the region |〈d1 |d2〉|2 > |〈d1 |d2〉|c2/c1, one can show
that
DQ1 − DQ2  c21(|〈d1 |d2〉| − c2/c1)2 , (29)
which means that DQ2 ≤ DQ1. This implies that the
following inequality holds in all regions
DQ +V ≤ 1, (30)
but it cannot be saturated in the region |〈d1 |d2〉|2 >
|〈d1 |d2〉|c2/c1.
So we see that one cannot have a tight single duality
relation for all asymmetric two-slit experiments. De-
pending on the asymmetry and the orthogonality of the
path detector states, the duality relation has two distinct
forms, (22) and (28).
C. The general case (pure/mixed)
Till nowwe have been looking at the case where quan-
ton and the path detector are in a pure state. How-
ever, there are effects of decoherence due to which
there can be some loss of coherence, and it may be-
come necessary to treat the quanton and path detec-
tor combine as a mixed state. In such a situation, the
state of the quanton and path detector will be repre-
sented by a mixed state density matrix. The treatment
of path-distinguishability will remain unchanged. For
example, the path distinguishability given by (17) will
now be represented as DQ  1 − Trace[ρ(t)|q3〉〈q3 |],
and that given by (18) will be represented as DQ 
Trace[ρ(t)|q1〉〈q1 |] + Trace[ρ(t)|q2〉〈q2 |].
Fringe visibility is a measure of quantum coherence in
the system, and any mixedness will degrade the inter-
ference. This statement can be put on a strong footing as
follows. Recently a new measure of quantum coherence
was introduced, which, in a normalized form, can be
written as C  1n−1
∑
i, j |ρi j |. In our context, ρi j are the
elements of the density matrix of the quanton, i , j corre-
sponding to the two paths, and n is the dimensionaility
of the Hilbert space (in our case n  2 corresponding to
the two paths). Using the final state of the quanton plus
path detector as |ψ(t)〉  c1 |ψ1(t)〉|d1〉+ c2 |ψ2(t)〉|d2〉, we
first trace over the path detector states to get a reduced
density matrix. The coherence C can then be evaluated,
and turns out to be
C  2c1c2 |〈d1 |d2〉|. (31)
We see that for the two-slit interference, coherence is the
same as visibility. It has been shown that any incoher-
ent operation on the system will lead to a decrease in
coherence C [22]. In our case it means, any mixedness
introduced in the system will lead to a decrease in the
visibilityV.
Consequently, the visibility will now be less than the
maximum allowed by the amount of path information
6that has been acquired by the path detector. For the case
|〈d1 |d2〉| ≤ c2/c1, it meansV ≤ 1−DQ . Thus the duality
relation becomes the inequality
DQ +V ≤ 1. (32)
Similarly, for the case |〈d1 |d2〉| > c2/c1 too, the duality
relation becomes
DQ
1
2 (1 + P0)
+
V2
V20
≤ 1. (33)
The inequalities (32) and (33) quantify wave-particle du-
ality for an asymmetric two slit interference. They are
saturated for any pure state.
D. Particle or wave?
The thought experiment in the preceding discussion,
with an expanded Hilbert space, was introduced to get
an upper bound on the probability with which the two
paths can be unambiguously distinguished. However, if
one were to actually carry out this experiment with an
observable A of the path detector giving three measured
values, an interesting possibility emerges. Suppose each
quanton is detected on the screen in coincidence with
measurement of the observable A. Once the path de-
tector is in place, the interference does not depend on
what observable of the path detector we choose to mea-
sure. Everytime we get the measured value 1, we know
the quanton went through slit 1, and everytime we get
the value 2, we know that the particular quanton went
through slit 2. In these two situations, the quanton be-
haves like a particle, choosing one of the two available
paths. However, when the measurment of A yields the
value 3, we conclude that the quanton went through
both the slits at the same time, behaving like a spread-
out wave. In fact, this can be experimentally verified by
separating the detected quantons into two groups, one
where A gave value 1 or 2, and two where A gave value
3. The first group of quantons will show no interference,
since path information for each of them is stored in the
path detector. The second group of quantons will show
full interference.
The state of the quantons, for which measurement of
A gives value 3, can be written using (16) as
〈q3 |ψ(t)〉  c1α |ψ1(t)〉〈q3 |q1〉 + c2γ |ψ2(t)〉〈q3 |q2〉
+(c1β |ψ1(t)〉 + c2δ |ψ2(t)〉)〈q3 |q3〉
 c1β |ψ1(t)〉 + c2δ |ψ2(t)〉 (34)
It is obvious that the above state will produce interfer-
ence. This leads us to conclude that in a two-slit ex-
periment with an imperfect path detector in place, each
quanton can be thought of as randomly choosing to be-
have like a particle or a wave. This behaviour, obviously,
is forced by the prescence of the path detector, in agree-
ment with the philosophy behind Bohr’s principle of
complementarity [1].
VII. CONCLUSION
In conclusion, we have analyzed the issue of wave-
particle duality in a two-slit experiment. For symmetric
beams and equal slit widths, wave-particle duality can
be captured by thewell-known inequality (1), whichwas
derived using the ideas of minimum error discrimina-
tion of states [5]. The same relation can be derived by
defining the distinguishability using the ideas of UQSD
[17]. This latter method has proved to be very useful
in describing wave-particle duality in multi-slit interfer-
ence [17–19]. For two-slit experiments where the two
beams are asymmetric, and the slits may be of unequal
widths, a result as strong as (1) was lacking. We have
used this new approach to study wave-particle duality
in this asymmetric case.
We argue that in a two-slit experiment, getting path
information should mean, being able to tell unambigu-
ously for each quanton, which of the two slits it went
through. Using this premise, we use a thought experi-
ment to get which path information about the quantons
using UQSD. We define the path distinguishability as
the maximum probability with which one can unam-
bguously tell which slit the quanton went through, in
principle. Using it we derive two duality relations for in-
trference where the two paths may not be equally prob-
able or the two slits may not be of equal widths. The two
duality relations correspond to two difference ranges of
asymmetry. Unlike the well studied symmetric case, a
single tight duality relation is not possible for the asym-
metric case. Additionally, if the thought experiment is
actually performed, one can tell for each quanton if it
went through slit 1 or slit 2 like a particle or through
both the slits like a wave.
ACKNOWLEDGEMENT
Keerthy Menon is thankful to the Centre for Theo-
retical Physics, Jamia Millia Islamia for providing the
facilities of the Centre during the course of this work.
[1] N. Bohr, “The quantum postulate and the recent devel-
opment of atomic theory," Nature (London) 121, 580-591
(1928).
[2] T. Qureshi, R. Vathsan, “Einstein’s recoiling slit experim
ent, complementarity and uncertainty," Quanta 2, 58-65
(2013).
7[3] X-J. Liu, Q. Miao, F. Gel’mukhanov, M. Patanen, O.
Travnikova, C. Nicolas, H. Agren, K. Ueda, C. Miron,
“Einstein-Bohr recoiling double-slit gedanken experiment
performed at the molecular level," Nature Photonics 9,
120-125 (2015).
[4] W. K.Wootters andW.H. Zurek, “Complementarity in the
double-slit experiment: Quantum nonseparability and a
quantitive statement of Bohr’s principle", Phys. Rev. D 19,
473 (1979).
[5] B-G. Englert, “Fringe visibility and which-way informa-
tion: an inequality", Phys. Rev. Lett. 77, 2154 (1996).
[6] M. Bunge, “Foundations of physics” (Springer-Verlag, Hei-
delberg, 1967), pp 235.
[7] J.-M. Levy-Leblond, “Neither waves, nor par-
ticles, but quantons," Nature 334, 19-20 (1988).
http://dx.doi.org/10.1038/334019c0
[8] D.M. Greenberger, A. Yasin, “Simultaneouswave and par-
ticle knowledge in a neutron interferometer", Phys. Lett.
A 128, 391 (1988).
[9] G. Jaeger, A. Shimony, L. Vaidman, “Two interferometric
complementarities," Phys. Rev. A 51, 54 (1995).
[10] L. Li, N-L. Liu, S. Yu, “Duality relations in a two-path
interferometer with an asymmetric beam splitter," Phys.
Rev. A 85, 054101 (2012).
[11] Y. Liu, J. Lu, L. Zhou, “Complementarity via error-free
measurement in a two-path interferometer," Laser Phys.
Lett. 14, 055204 (2017). https://doi.org/10.1088/1612-
202X/aa6593
[12] J. vonNeumann,Mathematical Foundations of QuantumMe-
chanics (Princeton University Press, 1955).
[13] I.D. Ivanovic, “How to differentiate between non-
orthogonal states", Phys. Lett. A 123, 257 (1987).
[14] D. Dieks, “Overlap and distinguishability of quantum
states," Phys. Lett. A 126, 303 (1988).
[15] A. Peres, “How to differentiate between non-orthogonal
states ," Phys. Lett. A 128, 19 (1988).
[16] G. Jaeger, A. Shimony, “Optimal distinction between two
non-orthogonal quantum states," Phys. Lett. A 197, 83
(1995).
[17] M.A. Siddiqui, T. Qureshi, “Three-slit interference: A du-
ality relation", Prog. Theor. Exp. Phys. 2015, 083A02 (2015)
DOI: 10.1093/ptep/ptv112
[18] M.N. Bera, T. Qureshi, M.A. Siddiqui, A.K. Pati, “Duality
of quantum coherence and path distinguishability", Phys.
Rev. A 92, 012118 (2015).
[19] T. Qureshi, M.A. Siddiqui, “Wave-particle duality in N-
path interference", Ann. Phys. 385, 598-604 (2017).
[20] G. Dillon, “Fourier optics and time evolution of de Broglie
wave packets," Eur. Phys. J. Plus 127, 66 (2012).
[21] M. Born, E. Wolf, “Principles of Optics” (Cambridge Uni-
versity Press, UK, 2002), 7th edition.
[22] T. Baumgratz, M. Cramer, M. B. Plenio, “Quantifying co-
herence," Phys. Rev. Lett. 113, 140401 (2014).
